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ã1-Ùä©]µÙä©�Ù��'~AT�uÙ¼�VÇ§Ïd)ûT¯K�'�´(½l¼��|

¤I�Ûê§=I��Ä�eüÛ�'m(J"

����©Ù�¯KXeµ`!¯ü<Uì,«�ªe5§5½k�tÛöI�

¤kÙ5N§�?1�`�rÛ§¯�sÛ(r < t, s < t)�§Ï��¥�ÙÆ§KXÛ

©â�ú²º3�Äú²Ün��¹e§e±n = t − r9m = t − s©OP`9¯�
�����|¤I2��Ûê§q�`3zÛ¥���VÇ�p§K`�}�VÇ

�q = 1− p"b���`�§KI�`�ng�c§¯ØU�mg§K�±��`��
VÇ�µ

p` =
m−1∑
k=0

(
n+ k − 1

k

)
pnqk,

Ïd`�/Ï"ÂÃ0�N
∑m−1

k=0

(
n+k−1

k

)
pnqk"þã©��Y¿©|^
VÇØ¥ê

ÆÏ"�g�§ù��{��^�VÇ!Õá5ÚêÆÏ"�Vg��)C½
Ä

:§�VÇØJø
ïÄ��"

2 VÇÚO�,å

�X<�éêÆÏ"!^�VÇ!Õá5�Vg@£�ØäJp§êÆ[Äk3

�«�{ü�VÇ�.)Bernoulli�.�ïÄ¥§��
êÆþ�â»"Bernoulli�

.´�«�{ü��Åy�§­E?1Á�½ö*ÿù«y�§zg�UÑyØ

Ó�(J¶��õg­E?1TÁ��§¤�(J%¬¥yÑ,«ÚO5Æ5"

Bernoulliïá
VÇ¥�1��4�½n)Bernoulli�ê½Æ£1713c5ßÝâ6¤§

�²
¯�u)�ªÇ¬ª�u��(½�ê§�Ò´VÇµ

½n 1 £Bernoulli�ê½Æ¤eξ1, · · · , ξn´��ÕáÓ©Ù��ÅCþS�§�P (ξi =
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1) = p§P (ξ = 0) = 1− p§Ké?¿ε > 0§Ü©ÚSn =
∑n

i=1 ξi÷v

lim
n→∞

P
(∣∣∣Sn

n
− p
∣∣∣ < ε

)
= 1.

Bernoulli�ê½ÆØ=�«
VÇ�ªÇ�m�'X§��º
Ø(½Û¹(½�ó

Æg�"

Bernoulli�ê½Æ�´`²
ªÇ�VÇ�m�Ø��±?¿�§�´§�.Ø

�kõ�ºêÆ[De Moivre31733cïÄ
ÙØ�§¿y²
4�©Ù´��©Ù§

=·�¤¡�De MoivreÚLaplace��©Ù�¥%4�½nµ

½n 2 £De Moivre-Laplace¥%4�½n¤�Φ(x)�IO��©Ù�©Ù¼ê,µn´ng

BernoulliÁ�¥¯�AÑy�gê,
p´¯�A3zgÁ�¥Ñy�VÇ,é−∞ < x <

∞k
lim
n→∞

P
( µn − np√

np(1− p)
≤ x

)
= Φ(x).

De Moivre-Laplace¥%4�½ny²
��©Ù£Bernoulli©Ù¤Âñu��©

Ù"��­�¯K´µ�kÙ¦�Åy�Ñl��©Ùíº�êÆ[Gauss31809c

Ñ��5UN$ÄnØ6[9]¥�Ñ
ÿþØ�Ñl��©Ù§¿ò��©ÙÚ^�U

©ÆïÄ"Ïd§<�¡��©Ù�Gauss©Ù"

De MoivreÚGaussuy��©Ù�§��g,¯K´µg,.�k=
y�Ñl

��©ÙºVÇØ���ã�¤J´y²
g,.Ø=�3��©Ù§
���©Ù

Ó/¥%0 �"ùÒ´Chebyshev!Markov!Kolmogorov9Lyapunov�k�y²�

ÕáÓ©Ù£IID¤��ÅCþS�ξ1, · · · , ξn�Ü©ÚÑl��©Ù�(Ø§=

½n 3 é?ÛÕáÓ©Ù��ÅCþ�ξ1, · · · , ξn, · · ·§-Sn =
∑n

i=1 ξi§XJÙ��

Úþ��3§K

lim
n→∞

P
( Sn − ESn∑n

k=1 V ar(ξi)
≤ x

)
= Φ(x).

1924cKhinchiny²
BernoulliÁ�S��­éêÆ§'å�ê½ÆÚ¥%4�

½n§­éêÆ�±°(/£ã�ÅCþÜ©ÚSn ÚIO��m�'X"���­é

êÆ/ªXeµ
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½n 4 £­éêÆ¤eξ1, · · · , ξn´��ÕáÓ©Ù��ÅCþS�§ÙÏ"�0§�

§�σ§K

lim sup
n→∞

Sn√
2n log log n

= σ, a.s.,

Ù¥§log´g,éê§lim sup´þ4�§/a.s.0´A�7,"

VÇØ��ê½Æ!¥%4�½nÚ­éêÆn�­�½n��)§4�/´L
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�d½5£ã�þzO����uÐ§�)
�Oþ²LÆÚ7KêÆ��1#

���Æ�"VÇÚO3²L¥���Í¶A^Ò´n5ýÏÆ���)"�[�

�§²LÆïÄ���­:¯K´ûüØ§='�ü�¯Ô�Ð�"Von Neumann

ÚMorgenstern���´Oþ²LÆ�&y§¦�3únzb��Ä:�þ§r<�|
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½n 5 (Von Neumann-Morgenstern§1944) b½ξÚη´1�§XJ<�é1�� 

Ð�÷v8^ún£��5ún!D45ún!ÀJ5ún!`³ún!ëY5ún
Úà5ún¤§@o�3���VÇPÚ�^¼êU¦�

ξ � η ⇐⇒ EP [U(ξ)] ≥ EP [U(η)].

ù�½n����?3u`²
½5�¯K�±½þz§l
òDÚ½5£ã�

²LÆ=z�½þ�êÆ"�d§²LÆ�¡�²L/�Æ0
§l��ý¡£�
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�. 1 Markowitzþ�-���.�µ

min δ2 =
n∑
i=1

w2
i σ

2
i +

∑
1≤i 6=j≤n

wiwjρijσiσj,

÷v^�
n∑
i=1

wiRi = r,

n∑
i=1

wi = 1, wi ≥ 0, i = 1, 2, · · · , n.

3þã�.¥§δ2L«Ý]|ÜÂÃ���§σ2
iL«1i«ºx]��ÂÃ���§

wiL«1i«ºx]�3Ý]|Ü¥�'~§ρijL«1i«ºx]�Ú1j«ºx]�Â

Ã��'Xê§RiL«1i«ºx]��¢SÂÃÇ§rL«Ý]|Ü�ýÏÂÃÇ"

T�.´Ý]'~�Cþ��g`z¯K§ÏL¦)T`z¯K§�±(½�`Ý]

'~"

1�g7K�·´BlackÚScholes31973cÜ��©Ù[2]¥JÑ�Äu/Ã@|

©Û0�.�Ï��¬½d��{§��)�¦!Å �û)7K�¬�Ün½dC

½
Ä:§Úå
/u���1�g�·0"

½n 6 £Black-Scholes§1973¤3��½|¥§�3���ºx¥5ÿÝP§¦�3

��T§�½�Ãξ�d��EP [ξe−rT ]§Ù¥r´Å �|Ç"

o�§VÇÚO3²L7K�¤õA^�)
o�Í¶nØµn5ýÏn

Ø(Lucas–Sargent)!½|k�nØ(Fama–Samuelson)!Ý]|ÜnØ(Markowitz)±
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Lucas! Sargent!Hansen! Scholes! Fama! Samuelson!
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Úu�

1ng7K�·��
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¦+VÇÚO3²L7K¥��
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¤õ�A^§�´§�1Í¶�êÆ[Ú
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]�¦"Ïd§�¦�ýÏÂÃÇI��uÅ ÂÃÇâUÖ�<�éu����

�§l
JpÝ]�¦�áÚå"

ùn��ØÑNyÑ��Ñûü�§<�Ì*¿�¬K��ä§l
¦¢S�

ÃÚn5ýÏ��»Ì"duy¢­.�E,5§<�Ø�U(½��k�©Ù

5£ãØ(½¯�§ÏdÌ*Ï"�^�.3¢Sûü¥´k"��"o�§²;

�VÇÚO��ïÄ²L!7K�êÆÄ:äkî­�ØvÚ"�§Ù���Ï

´Kolmogorovïá�únNX´ïá3VÇ��(½�Ä:�þ§¿�4�nØ¥�

Õáb�37K¥Ï~Ø2÷v"

^êÆ��ó`µ1¤XJVÇ�m(Ω,F , P )¥�VÇÿÝPØ´��VÇÿ

Ý§
´�xVÇÿÝ§<�Ø��T^=��§3d^�e§XÛuÐVÇ

Øº2¤Õáb�´VÇØ¥�Ì�b�§XJ�ÅCþØ´Õá�§XÛïÄ

VÇØº3¤VÇØ¥VÇÿÝÚêÆÏ"äk�55"=§XJAÚBØ��§

KP (A + B) = P (A) + P (B)Úéu?¿��ÅCþξÚη§KE[ξ + η] = E[ξ] + E[η]"

XJVÇÚÏ"Øäk�5§XÛuÐVÇØº

6 �5VÇ���5VÇ

y�7KÆÄun5b�§@�n5ûüö3Ø(½^�e�ûü´|^Ï"�

^¼ê���"�X�ÆÚ�¬�uÐ§�5�õ�Ø(½y�Ã{O(�|^�5

êÆVÇÚ�5Ï"ï�"1�7KÆïÄL²§ûüö3Ø(½^�e�ûüL§

¥¿Ø´��n5�§¬É��<&g�K�§ÑyXÚ5@� �"1�7KÆ

±KahnemanÚTversky�Ð"nØ[11]��
DÚ7KÆ�þ�-��nØ§´éDÚ

7KÆ�]Ô§�ÿ�¤���únzIO. ·IêÆ[Mm��¬[20] �JÑ
<

ó�U�10 �­�ênÄ:¯K"Ïd§ïÄ#�ïÄóä�O²;VÇ±÷v²L

7K½|uÐ�I¦´7KÚêÆ.õc5�Ó���"d	§7K�Å��)�L

²
ïÄ#�ºxÝþóäÚO��{�­�5Ú½�5"

�
)ûÚO!ºxÝþ!ên²LÆ�+�¥Nõ²;VÇnØJ±?n�¯

K§��5VÇ���5Ï"A$
)§¿��
¯õÆö��ïÄ"��3�xV

Ç{Pθ, θ ∈ Θ}�§lÌ*VÇÚ�*VÇ��Ý©O�)
üa�~­����5V
Ç§=��VÇmaxθ∈ΘEPθÚ��VÇminθ∈ΘEPθ"Äuþã��5VÇ§Schmeidler
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JÑ
��5Ï"ýÏ[19, 10]¿ïá
���únNXµ

½n 7 £��-��ýÏ¤XJ�÷v�
ún§@o�3���ÿÝ8Ü{Pθ, θ ∈
Θ}Ú�^¼êU(·),¦�e�(J¤á:

• éuUOØ(ö(uncertainly love)§

ξ � η ⇔ max
θ∈Θ

EPθ [U(ξ)] ≥ max
θ∈Θ

EPθ [U(η)],

• éu��Ø(ö(uncertainly aversion)§

ξ � η ⇔ min
θ∈Θ

EPθ [U(ξ)] ≥ min
θ∈Θ

EPθ [U(η)],

Ù¥��-��êÆÏ"���5Ï""

þã��5Ï"ýÏ�±�xUOØ(öÚ��Ø(öüa<§�´EÃ{�x

0uUOØ(öÚ��Ø(ö�m�<"�-Epstein [3] òSchmeidler���5Ï"ý

ÏnØuÐ¤�Ä����5Ï"ýÏnØ. ìø¼�öHansen [8]¡Ù�ëY�me

�Chen and Epstin 48��-���^nØ"

7 ��5Ï"�uÐ

y¢­.¥·�²~I�¡éØ(½ûü¯K§�3�õê�¹e·�Ã{¼

�äN�VÇ©Ù§  �U3/�
0��¸e�Ñ�ªûü"�d§��5VÇ

A$
)§±ÏU�O(/�x�kØ(½5�¢S¯K"{I�Æ��¬Choquet

òLebesgue È©�Vgí2¿A^u��\ÿÝ§��
��é­����5Ï"

)ChoquetÏ"[6]"1997c$¢{�¬ÏL���Å�©�§�EÑ��aÄ��

N���5Ï")g-Ï"[16]§�A�Ä�ºxÝþK¡�g-ºxÝþ"g-Ï"�±

?n����½VÇP¤���Ø(½VÇ8Ü{Pθ, θ ∈ Θ}"�´§éuÛÉ�/
£=P (A) = 0 �Pθ(A) > 0¤§g-Ï"Ø2·^"$¢{�¬[17] aÑVÇ�mµe§�

�ïá
��5Ï"�mnØ§¿Ú\
������5Ï")G-Ï""

½Â 1 £g�5Ï"¤�½�ÿ�m(Ω,F),H´½Â3(Ω,F)þd¢�¼ê�¤��

5�m"e�¼Ê : H → R÷ve�o�^�µ
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(1) üN5: eX ≥ Y , KÊ(X) ≥ Ê(Y ).

(2) �~ê5: Ê(c) = c,∀c ∈ R.

(3) g�\5: Ê(X + Y ) ≤ Ê(X) + Ê(Y ),∀X, Y ∈ H, Ù¥Ê(X) + Ê(Y ) k¿Â.

(4) �àg5: Ê(λX) = λÊ(X),∀λ ≥ 0.

K¡Ê´g�5Ï""n�|(Ω,H, Ê)¡�g�5Ï"�m"e�÷v(1) Ú(2)§Ê¡

���5Ï"§(Ω,H, Ê) ¡���5Ï"�m"

3��5Ï"µee§lÄ�b�Ñu§Ó��±�Ñ�ÅCþ©Ù!Õá5!

�'5!²­5!MarkovL§�Vg"Ó�§��5ÙK$Ä9�A��Å©Û´²

;�Å©ÛnØ�¢�5í2"d	§��5Ï"e4�½nE,¤á§�ØÓu²

;VÇØ�´µ��5�ê½Æ�4�¬á\��«m§
��5¥%4�½n¥�

4�©ÙØ2´lVÇ�)�8��ÓâÌ�/ ���©Ù"$¢{�¬3[18]�

Ñ
Xe/ª�4�½nµ

½n 8 (Peng,2019) �{(Xi, Yi)}∞i=1 �(Ω,H, Ê) ¥�R2d- ��ÕáÓ©Ù��ÅCþ

S�"·��b�

Ê [Y1] = Ê [−Y1] = 0, lim
c→∞

Ê[(|X1| − c)+] = 0, lim
c→∞

Ê
[(
|Y1|2 − c

)+
]

= 0.

P

S̄n :=
n∑
i=1

(
Xi

n
+

Yi√
n

)
.

K�Å�þS�
{
S̄n
}∞
n=1
�©ÙÂñµ

lim
n→∞

Ê
[
ϕ
(
S̄n
)]

= Ê[ϕ(ξ + ζ)], ∀ϕ ∈ CLip

(
Rd
)
,

Ù¥�ÅCþé(ξ, ζ) �G-��©Ù�Å�þ��A�g�5¼êG : Rd × S(d) 7→ R

deª�Ñµ

G(p,A) := Ê
[
〈p,X1〉+

1

2
〈AY1, Y1〉

]
, p ∈ Rd, A ∈ S(d).

10



De Moivre (1733) 3ïÄ��©Ù�4�©Ù��@uy
��©Ù��3"�

5Gauss £1801¤3ïÄØ�©Ù��uy
Ø�Ñl��©Ù"��©Ù�uy�

y²áÚ
��1êÆ[£~XµLaplace!Kolmogorov�¤ë���©Ù�Ê­5

ïÄ§=§g,.3�o^�e¬�3X��©Ùº��§��Ê­�ïÄ(J´Õ

áÓ©£IID¤�½¬�)��©Ù§kéõ�~`²µ�{
Õá½Ó©ÙÒ¬�

)���©Ù"�,§�kéõ�~`²µ�{
Õá½Ó©Ù�,¬�)���©

Ù§~X§��¥%4�½n"

Kolmogorov ïá�VÇúnNX´b½VÇ�m(Ω,F , P ) ¥�VÇÿÝP ´®

��",
§3²L½|�þ§�ÅCþ´�*�3�§�´ÝþØ(½�VÇÿ

ÝP �7´(½�"Í¶�Ellsberg �Ø[7]`²
�ÅCþ´�3�§�´§<�Ø

�Ué���VÇÿÝP 5Ýþ�½��ÅCþ"ù�~f`²
§3VÇØ�¢

SA^¥§<�éVÇÿÝ¬�)�
§Ø��T^@�ÿÝâU�Ð�ÝþØ(

½"ùÒ´²L.~`�/Ambiguity0§=²L½|Qk½|���Ø(½§�k<

�du@£UåØv
�5�Ø(½"l²L½|uÐ�5ÆwKolmogorov ïá�

VÇúnNX§²LÆ[uyµKolmogorov ïá�VÇúnNX�±þz²L½|

uÐ�S35Æ§
Ã{°(��x<��1�é½|uÐ5Æ�	3K�"Ïd§

ïÄ^ØÓ�d�*£VÇÿÝ¤5�x²L½|�5Æ�#Æ�))1�²LÆ§

A$
)"�±`µgDe Moivre (1733) ÚGauss £1801¤3ü��VÇÿÝe§u

yÚy²
£�5¤��©Ù�zõc5§ïÄõ�VÇÿÝ£Ambiguity¤e��

�5��©Ùw«L�ª´1�²LÆÆ����­��9:ÚJ:¯K"�O¹

ÚEpstein[4]ïá
�xVÇÿÝeäkþ�Ø(½5�¥%4�½n§3�ÅCþS

��^���ØC§^�þ���3��½«m[µ, µ] ¥Cz�b�e§y²
Ù4

�©Ù��a��ØC.��5��©Ù§Ù�Ý¼êXeµ

f(z) =
1√
2π
e−

z2+2k|z|+k2
2 + k · e−2k|z| · Φ(−|z|+ k).

��=�k = 0�§þã�Ý¼êòz¤²;��©Ù��Ý¼ê"

½n 9 (Chen-Epstein,2022) -(Ω,G)���ÿ�m§P�(Ω,G)þ��xVÇÿÝ§

{Xi}�Ùþ���¢��ÅCþS�¿�÷v

ess sup
Q∈P

EQ[Xi|Gi−1] = µ, ess inf
Q∈P

EQ[Xi|Gi−1] = µ, i ≥ 1,

11



ã4-[3]¥��5��©Ù�Ý¼êã�

EQ[(Xi − EQ[Xi|Gi−1)2|Gi−1] = σ2 > 0, ∀Q ∈ P , i ≥ 1.

b�P´Ý/��{Xi}÷vLindeberg^�

lim
n→∞

1

n

n∑
i=1

E[|Xi|2I{|Xi|>√nε}] = 0, ∀ε > 0.

Ké¤k�ϕ ∈ C([−∞,∞]),

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − EQ [Xi | Gi−1])

)]
= E[µ,µ̄] [ϕ (B1)] ,

�d�,

lim
n→∞

inf
Q∈P

EQ

[
ϕ

(
1

n

n∑
i=1

Xi +
1√
n

n∑
i=1

1

σ
(Xi − EQ [Xi | Gi−1])

)]
= E[µ,µ̄] [ϕ (B1)] ,

Ù¥E[µ,µ̄] [ϕ (B1)] ≡ Y0, (Yt, Zt)´Xe���Å�©�§�)

Yt = ϕ (B1) +

∫ 1

t

max
µ≤µ≤µ̄

(µZs) ds−
∫ 1

t

ZsdBs, 0 ≤ t ≤ 1,

E[µ,µ̄] [ϕ (B1)] ≡ y0,(yt, zt)´Xe���Å�©�§�)

yt = ϕ (B1) +

∫ 1

t

min
µ≤µ≤µ̄

(µzs) ds−
∫ 1

t

zsdBs, 0 ≤ t ≤ 1.

ùp(Bt) ´½Â3(Ω∗,F∗, P ∗)þ�IOÙK$Ä"

�O¹9Ü�ö[5]ïÄ
�xVÇÿÝeäk��Ø(½5�¥%4�½n§3

�ÅCþS��^�þ�ØC§^�����3�«m[σ2, σ2] ¥Cz�b�e§y

12



²
Ù4�©Ù��aþ�ØC.��5��©Ù§äkXe/ª�wªVÇ�Ý¼

êµ

q(y) =


q∗(y, α)

[ 2β

α + β

]
, y ≥ 0,

q∗(y, β)
[ 2α

α + β

]
, y < 0,

Ù¥q∗(y, σ) = 1√
2πσ

exp
(
−
(
y
σ

)2

/2
)
´��©ÙN(0, σ2)��Ý¼ê"AO�§�σ =

σ�§T��5��©Ùòz���©Ù"���Ñ�´§ùü«��5��©Ù3

õ:Åì<ÚþfO��ïÄ¥�k�~­���^"

ã5-[4]¥��5��©Ù�Ý¼êã�

½n 10 (Chen-Epstein-Zhang,2023)-(Ωi,Gi)��x�ÿ�m§G = σ(∪∞i=1Gi)"-Xi :∏∞
i=1 Ωi → R�Gi-�ÿ§P�(

∏∞
i=1 Ωi,G)þ��xVÇÿÝ§H�(

∏∞
i=1 Ωi,G)þ÷v

supQ∈P EQ[|X|] < ∞��ÅCþ8Ü"b�P¥¤kVÇÿÝ3Giþ´�d�§¿�
÷v

EQ[Xi|Gi−1]0, ∀Q ∈ Q, i ≥ 1.

13



½Â

P(Q, i) = {Q′ ∈ P : Q′|Gi = Q|Gi , Q ∈ P ,

b��3var > 0Úo < σ ≤ σ <∞¦�é¤k�i ≥ 1ÚQ ∈ P§

var ≥ ess sup
Q′∈P(Q,i)

EQ[X2
i |Gi−1],

σ2 = lim
i→∞

ess sup
Q′∈P(Q,i)

EQ[X2
i |Gi−1],

σ2 = lim
i→∞

ess inf
Q′∈P(Q,i)

EQ[X2
i |Gi−1].

?�Úb�{Xi}÷vLindeberg^�

lim
n→∞

1

n

n∑
i=1

E[|Xi|2I{|Xi|>√nε}] = 0, ∀ε > 0.

-θ = σ
√
σ"é¤k�c ∈ R§ϕ1 ∈ C3

b (R+)§�ϕ1(0) = 0§½Âϕ

ϕ(x) =

 ϕ1(x− c) x ≥ c,

−1
θ
ϕ1(−θ(x− c)) x < c.

XJx ≥ 0�ϕ′′1(x) ≤ 0§@o

lim
n→∞

sup
Q∈P

EQ

[
ϕ

(
Σn
i=1Xi√
n

)]
= EP ∗ [ϕ (W c

1 )] .

8 (�

VÇØå
uÙÆÚ�x¯K"²L300õc�uÐ§VÇÚO��{®²�2

�A^ug,�Æ!²LÆ!�Æ97K�x��Æ§AO´Úå
u���üg7

K�·"�8&E���)
°þêâ§Ø(½5FÃ\ì§
7K�Å�¡��1

ng7K�·±9�C�êâ�ÆÚ<ó�U�uÐ[20]§ÑL²²;VÇÚO®Ø

U÷vy�7KuÐ�I¦§�IVÇÚO�uÐÚ#�nØ"
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